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Abstract

In continuation of a membrane locking-free isogeometric thin-shell formulation for linear analy-
ses, this contribution introduces an extension to large displacements in combination with a conti-
nuity preserving coupling scheme for multi-patch NURBS models. The latter bears some imma-
nent challenges of CAD-derived designs including arbitrary trimmed geometries, non-conforming
patch discretizations and overlapping domains. We address all of them herein and follow a
Hellinger-Reissner mixed formulation to regain full control over membrane locking effects. We
extend the variational formulation consistently following the fundamental aspects of a weighted
residual approach to enforce weakly the interface conditions among coupled patches and utilize the
finite cell method to handle properly the issue of trimming. We critically assess the performance
of the proposed method studying several numerical examples of linear and non-linear elasticity.
We compare our method with established developments in this field and demonstrate superior
achievements with regard to solution quality, robustness and computational complexity.
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1. Introduction

In a broader sense, isogeometric and thin-shell modeling form a rewarding symbiotic relation-
ship. Both methods share an immanent surface-based model description in combination with the
potential of and the need for higher order approximation and continuity properties [/, 2].

Pure displacement-based shell formulations are well known to be prone to various locking
phenomena [3], thus responding overly stiff to loading, when indicated. Methods following the
Assumed/Enhanced Natural Strain idea rectify the usual shortcomings of insufficient interpolation
capabilities in the context of locking as well as mixed formulations do [4-6], currently providing
a number of efficient and accurate strategies for solid shell elements [7-10].

In the context of thin-shell analysis, it is the distinct imbalance in the ratio of membrane to
bending stiffness which may lead to membrane locking, substantially compromising the overall
deformation performance [11, [12]. Mixed formulations following the principle of Hellinger &
Reissner [[13,14] and variants thereof are established two-field concepts which naturally counter-
act membrane locking through an independent consideration of displacement and stress quantities
[15]. Moreover, in the context of non-linear shell analysis several studies have repeatedly con-
firmed a superior numerical behavior of mixed formulations over pure single-field formulations
allowing for significantly larger step sizes and less iterations to regain equilibrium of the gov-
erning balance equations. Recently, Magisano et al. have demonstrated a signifant quality and
performance jump in the framework of Koiter’s asymptotic method [[16] and an extended Koiter-
Newton path-following method [17] to predict the post-buckling response of slender structures.
Moreover, in 18] they introduced a highly efficient mixed integration point approach based on the
Hellinger-Reissner principle outperforming pure displacement-based formulations in terms of ac-
curacy and robustness. Their proposed strategy is naturally confined to element level, thus, being a
convincing two-field enrichment method with positive impact in Newton-based solution schemes.

In the framework of isogeometric analysis (IGA), mixed thin-shell formulations first found
attention with the work of Echter [19] who presented a displacement-stress formulation based on
the Hellinger-Reissner variational principle in order to remove in-plane locking effects in linear
shell analysis. Just recently, a novel mixed approach was introduced in [20] which uses a pure H!
space for interpolation, hence allowing for a successful C°-continuous coupling of patches though
being restricted to conforming discretizations. The indispensable need for coupling along arbitrary
interfaces of patches and even overlapping domains as common in CAD-derived NURBS models
still is a limiting factor in isogeometric analysis. Despite a number of advancements which have
been made in recent years [21-27], the general applicability of isogeometric analysis to arbitrary
multi-patch shell structures widely shows a number of improvable aspects. Three major strategies
are currently the established standard in isogeometric patch coupling methods including (i) penalty
methods [28-30], (i) Lagrange multiplier and augmented Lagrange multiplier methods [31), 32]
and (iii) Nitsche-like methods [22,124,133-37]. A good overview and comparison of these coupling
strategies was recently gathered by Apostolatos et al. [23].

Herein, we propose two major extensions to the actual state in isogeometric thin-shell analysis
to relax the currently tight field of modeling capabilities to a general approach:

1. We extend the Hellinger-Reissner formulation of [11/] to a large deformation analysis the-
3



ory, thus obtaining a locking-free isogeometric thin-shell formulation. Furthermore, we em-
bed the implementation of the new shell element into a fictitious-domain extended analysis
framework to allow for a straightforward treatment of trimmed and/or overlapping NURBS
domains. The fictitious domain approach follows the basic principles of the finite cell
method which we have introduced in earlier publications [22,34,138,/39]. For general details
on the finite cell method we refer the reader to [40-42]. The specialization of the approach
to thin-shell NURBS analysis can be found in detail in [24,39]. Herein, we provide a brief
summary of the basic principles of the method in order to ensure contextual consistency.

2. We extend our mixed formulation to a variationally consistent formulation for the weak en-
forcement of coupling constraints. We have demonstrated in [22, 38] the performance gain
and the benefits of this approach for large deformation thin-shell analysis in the framework
of a pure displacement-based Kirchhoff-Love theory. The basic idea traces back to a formu-
lation introduce by J.A. Nitsche [43] for the enforcement of essential boundary conditions
in Laplace problems and has been re-visited and studied in depth since then in a number of
seminal papers by Hansbo et al. [44,45], Becker et al. [46] and Embar et al. [47] to men-
tion a few. The method obtained another push with the advent of isogeometric methods by a
number of contributions in the fields of elastictiy [36,37,'48] and fluid-structure interaction
[49-51].

Both, the non-linear shell formulation of the Hellinger-Reissner model proposed in [11] and its
extension to enforce weakly coupling constraints along arbitrary domain interfaces mark an im-
portant step forward in the context of isogeometric thin-shell analysis of CAD derived geome-
tries of industrial relevance. We study critically the novel aspects introduced in the formulation
and demonstrate the method’s performance with a number of benchmark problems and examples
which demonstrate the applicability and relevance for engineering problems.

The manuscript has the following structure: in section 2l we provide a brief summary of the
relevant shell theory fundamentals which are necessary to introduce our extension. In section[3 we
introduce stepwise the Nitsche extensions for a variationally consistent patch coupling. Moreover,
we address the integration along trimming curves and aspects of stabilization which has relevance
in the current formulation. In section 4] we test our method and carefully study various perfor-
mance aspects to reveal the method’s capabilities and potential limitations. Finally, we summarize
the main aspects and findings and draw conclusions in section [5l

2. The Hellinger-Reissner extended KL shell formulation

In this section, we start with a concise representation of the Kirchhoff-Love shell formulation,
limited to the extent that is necessary to introduce the Hellinger-Reissner principles in the context
of large deformation analysis. Herein, we also provide the discrete formulation which we imple-
mented in our isogeometric analysis framework. Moreover, we review concisely the basic idea of
the finite cell method as applied in isogeometric analysis to tackle the problem of trimmed shell
patches. An elaborate presentation of the method is given in [40] for general structures and in [22]
tailored to suit thin-shell analysis.



Notation: In the following, we use an upper case notation for quantities which refer to the
undeformed reference configuration, and a lower case notation for quantities which refer to the
current deformed configuration. Without specific notation, Greek indices take values {1, 2} and
Latin indices take values {1, 2, 3}.

undeformed deformed

middle surface

Figure 1: Schematics of the shell kinematics.

2.1. Shell kinematics

The reference and current configurations of a shell-like body, as illustrated in Figure [I} are
parameterized as

X(&1,6,83) = X(&1,&) +&D(6, &), (1)
x(€1,62,83) = X(&§1,82) +&d(6,6) (2)

where X and x denote the shell middle surface, where D and d denote the directors of the shell
in the reference and current configurations, respectively, and where {3 € [—0.5h, 0.5 h| varies
linearly through the shell thickness h. For conciseness, we omit the parametric coordinate ¢; in
the following.

The base vectors of the shell mid-surface are defined as:
A, = X, Ay, =D = ——= 3)

a, = X, a = d. @)



where (-) ,, denotes the partial derivative 0(-)/0¢,. With (3) and (), the covariant base vectors at
any point in the shell continuum are:

Ga - X,a - X,a + §3 D,a = Aa + §3 D,a G3 = X,3 = D7 (5)
g = Xa = i,a + 53 d,oz = ag+ §3 d,oz g3 = X3 = d (6)

which allows to express the Green-Lagrange strain tensor E as:
) ) 1
E = F,;GG = 3 (F'F - 1) (7)

where F = dx/dX is the material deformation gradient, I is the identity tensor and the strain
tensor coefficients are:

1
Eyj = 5955 — Gij) )

where
9i; = 8i -85, Gy =Gy Gj. )

Substituting (3)) and (@) into (8], the Green-Lagrange strain coefficients have the form:

1
Eop = Flaa-ag+86an-dp+&da-ag) = (Aa- Ag +GAG D+ 6D - Ag)l(10)
1
Ea3 = §(aa'd+§3d,a'd_Aa'D_€3D,a'D) (11)
1
The inextensibility assumption of the director, i.e. |d| = 1, leads to
do,-d = D,-D = 0 (14)

and according to the definition of D we find that A,-D = 0and A,-D g = -D-A,3 =D ,-Ag,
where A, 3 = X 5. Therefore, (10) to (12) become

1
Eag = 5 [(aa -ag — A, - Ag) + &3 (aa . d,ﬁ —+ d,a -ag + 2Aa,5 . D)] (15)
1
E.s = aaa -d (16)
E33 — 0 . (17)

The Kirchhoff-Love theory assumes the current director to be perpendicular to the middle surface,

thus defining:

a; X as
—_—. (18)
|a1 X a2|

6



which simplifies equations (I3)) to (I7) to:

1
Easg = 5l(aa-as—As-Ap) +28(Ags D — a4 d)

2
= €ap +E3Kap (19)
Ea3 == E33 - 0 (20)

where the membrane strain €,4 and bending strain ks are defined as:

1
Eaf = §(aa cag— Ay - Ap) (21)
Rag = Aa,ﬁ -D— A B - d. (22)

2.2. Variational formulation and linearization

For non-linear elastic problems, the Hellinger-Reissner variational formulation provides the
following expression for the potential energy of the shell:

WuwE) = Wi (u,E)+ Wg(u)

3 1 - 3
= /(E:C:E——E:C:E) dQ—)\{/p(yudQ—i—/to-udF} (23)
Q 2 Q T,

where W; and Wy, are the internal and external energy, respectively, where u and E are the
unknown displacement and strain variables, respectively, where E is the Green-Lagrange strain
defined in (I3) to (I7), C is the elasticity matrix defined in the curvilinear coordinate system,
where ) is the applied load factor, pg is the unit surface load on the domain €2 and t is the unit
traction along the Neumann boundary I';. For simplicity, we assume that py and t, are dead loads
which are independent of the body deformation.

To counteract membrane locking, the assumed strain E is defined as:

E = é6+&K (24)

where k is the standard bending strain whose components are defined in (22), where € is the
independently defined assumed membrane strain.

Substitution of equations (24) and (19) into and utilizing the pre-integration along the
thickness direction leads to:

1 3
W(u, g) = h/Qé:C:(s—§é) dQ+% QI{ZCZI{dQ+WE(u) (25)

where € is the membrane strain tensor with components defined in (21)) and where € is the shell’s
reference surface, e.g. the middle surface.
Invoking the stationary condition 6V = 0 of the energy functional 23)) results in:

IW(0u,d€) = W;(0u,I€) + dWg(du)
7



= h/ (0:C:e+€:C:de—€:C:0¢)d
Qo

3

h
+ — n:C:émdQ—A{/ p0~5udQ+/
Qo

t -5udF] —0 (26
12 Jo, b,

where de, € and dx denote the variation of the membrane strain, assumed membrane strain and
bending strain, respectively.

2.3. Discretization

Following the concept of isogeometric analysis, the displacement field u and its variations
ou are discretized using the NURBS basis functions of the geometric model description, which
reads:

u ~ Y RMU, = R'U (27)
k=1

fu ~ Y R,0U, = R'6U (28)
k=1

where Uy, and R} are the k-th displacement variables and NURBS basis with orders p and ¢ in
& and &, directions, respectively, where R and U are the vectors collecting the corresponding
quantities.

The independent assumed membrane strain components are interpolated by three lower order
bases B4 "9, R% " and RY ! as, cf. [19]:

s S RET(E)a
€11 ~ . ~
E = |épn| = S R (E)p = R'e (29)
26::12 ~ 1 B
S REVTN(2¢é:)0

where (€11) 4, (€22) g and (2 €12) ¢ are the assumed membrane strain variables at each control point,
where RT and € are the matrices collecting the corresponding quantities. The same holds for the
variations J€.

The NURBS basis R, "? in (29) uses functions of order (p—1) and ¢ in the &; and &, directions,
respectively, which lowers the continuity of the corresponding assumed membrane strain £;; in the
&, direction and maintains the highest continuity in the &, direction. Similar operations are adopted
for the discretizations of €59 and 2 £15. It is worth to note that we use the same number of elements
for the discretizations of u and €, which results in a different number of control points for the
unknown variables.

Substituting (27)), (28)) and (29)) into the governing equations (26)) provides the discrete equilib-
rium equations:

G(U,EN) = £ (U &) — Mz = 0 (30)
8



where G(U, €, \) represents the residual between the internal force vector f;(U, €) and the exter-
nal force vector fz, with:

ON - O . O¢ oK
f E) = : N:——N:—+M: — 0O 1
1(U,€) /5)()(8& RIRRTS; 9 " 8U>d (D
ou ou
f = / -—dQ+/t . ——dr (32)
E QOPO U . i

where N and M are the stress resultant and bending moment tensors defined in the contravariant
basis of the middle surface [52]. Assuming the St. Venant-Kirchhoff constitutive model, they
relate to the membrane and bending strain, component-wise, by the relations:

NP = hCoPiz (33)
h3
M = ECGW Fng - (34)

In general, equation (30) is non-linear in terms of U and € and is used in linearized form which
leads to the tangent stiffness matrix:

o [ (2 N oe|' | o e ON 52
"= Jo, \9e ou " |9e ouU "OUOU  0é e

(35)

oM 0Ok O’k
ﬁ-%m-auau) der.

The equilibrium equation (3Q) is solved in an iterative process using the linearization until the
residual is reduced to a desired tolerance.
For linear elastic problems, the tangent stiffness matrix further simplifies to:

9 ‘9 Tou ‘ou

~ ~ T ~
ON 0e |ON Oe ON 0é OM Ok
KL = L= L= : L= Q .
T /Q 9 U © [6& 8U] d (36)

2.4. Tackling the challenge of trimming

Trimming provides a simple mechanism in the design process of complex geometries in CAD
systems. It employs Boolean operations between objects, thus allowing for an arbitrary pruning
of the geometry. Shell structures which are modeled by NURBS surfaces are trimmed by a set
of trimming curves which are independent of the underlying parametric space of the NURBS
representation. Hence, a direct analysis of the trimmed shell model is not possible without further
effort to establish a link between the NURBS patch and the independent trimming curve, cf. Figure
2l A detailled overview of the trimming technology, the challenges with regard to an isogeometric
analysis and the current solution strategies were elaborated intensively by Marrusig & Hughes
[53].



trimming curve

1
parameter
space
physical
space 0 i
X 0 1
(a) trimmed geometry (b) parametric space

Figure 2: (a) NURBS surface patch with trimming curve representing the shell mid-surface definition, (b) correspond-
ing parametric space.

Besides a number of strategies to handle trimming including seminal works on local reconstruc-
tion methods [28, 154-56], sub-division surface methods [57-59] or T-splines [60, 61] to mention
a few, the idea of a fictitious domain extension to consider trimmed areas without contribution
to the physical problem has gained much attention [40Q, 41]. It is primarily the simplicity of the
fictitious domain approach which substantiates its popularity in the context of trimmed NURBS
domains. The fictitious domain idea, considered herein, is based on the principles of the finite cell
method introduced by Parvizian et al. [42] and was later adapted to the framework of isogeometric
analysis by Schillinger & Ruess [48, 62].

The overall idea of the method is based on a penalization of the stresses and forces in fictitious
sub-domains such that their contribution to the total potential energy is confined to a negligible
contribution. In the context of isogeometric analysis, any trimmed region is considered to be a
fictitious sub-domain. Hence, consideration of trimming essentially reduces to the process of a re-
fined numerical integration scheme of the variational formulation which is capable to distinguish
between the physical domain and the penalized fictitious domain. Herein, the integrals and
(32)) of the balance equation (30) are defined over the actual analysis domain, in general using
trimmed NURBS patches to represent the shell mid-surface. The strategic approach to evaluate
the integrals on element level has impact on the overall assembly performance. The ideal case of
an algorithmic simple and numerically cheap but exact integration is still an open issue though a
number of sophisticated methods have been developed or adapted and refined from other fields
of simulation. Most of them can be classified either as algorithmic simple or numerically cheap
or geometrically exact. The proposed strategies include local triangulation schemes to define the
integration sub-domains [54, 63], in a more refined variant by considering the exact boundary
description using a blending function approach [64], or using tailored integration schemes which
involve a pre-computation of the quadrature point location to fit best possible the integration do-

10



(c) 1;22 |

(e) k=4 |

Figure 3: Adaptive quadrature based on recursive bi-section: (a) original embedded domain, (b)-(e) generation of a
quad-tree and corresponding integration points from tree depth k = 1 to k = 4.

main [65]. For an exhaustive overview and detailed survey of suitable integration methods, we

refer to [I53].

exact traction

(]
i a = 4.0 o
Zl R = 10 g T,
g r S —
§ & —>
= s —>
& ] —>»
g.
R
symmetry bc T
a
<
Farfield traction 7, = 10.0
Young’s modulus E = l.e+5
Poisson ratio v = 03

rel. error in energy norm e, (%)

10°
S ES 4 x 4 elements
10—1 - LT.\ "'p:3|k:17711
<= p=2|k=1,..,11
= — volume error for k =1,...,12

1072 |- =
1073 -
107 |-

rel. error in energy norm:

_ Mrer|—Oyumwl 15

10-5 |- Er(k) = MrEF]

llgrpr = HNUI\/I(12)7 tree depth k = 12 N
106 ; ; :

10! 102 10° 10* 10°

108
number of quadrature points M,

Figure 4: Impact of the tree depth on the analysis performance: (a) test example, documented in detail in [36,66], (b)
relative change of the error in energy norm for increasing tree depth k.

In our analysis framework, we favor an adaptive quadrature scheme as illustrated in Figure
Bl Based in a recursive bi-section, cut elements are sub-divided to obtain a composed integration
domain which approximates the relevant sectors by a tree-like hierarchy of adaptive sub-cells. Full
integration order is used for each sub-cell, thus concentrating quadrature points towards the cutting
interface. A location function «(x) is used to penalize the stress resultants and bending moments

11



of the variational formulation with o = 1 for all points in the physical domain and @ < 1 for
points of the fictitious domain. The mehtod allows for a smooth extension of the solution into
the fictitious domain and ensures higher-order accuracy [62]. The accuracy of the integration is
controlled by the tree depth k. The influence of k& on the overall solution quality is illustrated with
the example of an infinite plate with a circular hole under constant in-plane tension, depicted in
Figure[dl We analysed the problem in a different context and with different focus in [36] to which
we refer the reader for all details. The graph in Figure [l reveals the influence of the tree depth
on the accuracy of the analysis result. The relative error in energy norm reduces linearly with
increasing tree depth k, referred to a reference value which was computed for £ = 12. The linear
degression of the volume error at a similar rate confirmed a linear dependency of the accuracy
level on the sub-cell resolution of the trimmed domain.

3. Weak enforcement of coupling constraints between trimmed shell patches

Nitsche’s method favors a weak enforcement of constraints in the equilibrium equation (26])

by consideration of the constraints in terms of weighted residuals. The extended governing equi-
librium equations are variationally consistent but require stabilization in some cases, to ensure
ellipticity of the bi-linear form of 26).
In the following, we introduce the corresponding terms for a coupling of shell patches following
the Hellinger-Reissner formulation introduced in the previous section [2. Then, we briefly discuss
aspects of their isogeometric discretization. Finally, we discuss the integration of the coupling
terms and the estimation of suitable element-wise stabilization parameters.

Figure 5: Schematic representation of shell coupling problems.

3.1. Variationally consistent coupling extension

The coupling between shell patches can be viewed as an interface problem where the follow-
ing displacement continuity and force compatibility conditions at the mutual boundary must be
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ensured during deformation, cf. Figure

u —u® = 0 on Iy 37
M _d® = 0 only, (38)
N (1) 8 )
(FN? 1) "+ (FN"1) " = 0 onTy (39)
(Maﬁ a, Vg)(l) + (Mo‘ﬁ a, yg)(z) = 0 only (40)

where the superscripts () indicate the two domains considered herein, where ® is the rotation
vector along the shell boundary which is defined as ® = arcsin (|D x (d — D)|). Furthermore,
the deformation gradient F is defined as F = a, ® A* + d ® D and we assume the change of the
element area to be small during deformation. The terms FN? vg and M a,, vg, respectively, are
the boundary force and moment vectors, defined in the reference configuration where v3 = v - Aj
is the covariant component of the unit outward normal vector v. The vector N” in (39) is defined
as:

N = QY A, +Q°D 41)

where the in-plane and out-of-plane force components Q*f and Q°, respectively, are defined as:
Q¥ = N —py MM (42)
Q= M|+ (285, — Euly) MM (43)

with by = a® bys = (aa -a’ ) (ay s - d) being the tensor of the mixed components of the surface’s
second fundamental form.
The covariant derivatives of the tensor fields M/ *? and & . in (@3) can be written as

MP|, = M+ 1%, MM+ T M (44)
Exily = By — T G — T Exa (45)

where I'{_ is the Christoffel symbol on a surface in the reference configuration [52, 167, 168], ex-
pressed as :

1
IS, = A%y = A™ <§(Avm + Axgy — AA%B)) (46)

Considering the weak enforcement strategy of constraints, the variational form (26)) changes to:
SWr(du, 6€) + OWN (du, 0€) + SWg(du) = 0 (47)

where WP (Ju, 6€) represents the inner work contribution of the coupling conditions including
consistency terms §W; “(du, 6€) and stabilization terms 6V, *(du). For compactness, we will
write S and S, instead of OW, “(du, 6€) and SW}"*(du) in the following descriptions.
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The consistency terms ensure the weak enforcement of the coupling constraints between the
shell patches:

SWNe = —/ S{FN? 15} - [u] dru—/{FNﬂ vg} - 8[u] dI,
Ty Ty
- / S{M* a, vg} - [®]dT, — [ {M*? a, vs} - o[@]dTy (48)
Ty Ty

where the brackets { - } and [ - ] are the average and jump operators. The different terms are defined
as follows:

i 1/ - W 1 (2)
[FN? v} = 5 (FNPug) 5 (FNY o) (49)
(6% 1 (6% 1 ]' « 2
{Mﬁaa vg} = Q(Mﬁaal/g)()+§(Mﬁaa 1/5)() (50)
[u] = u® —u® (51
[®] = @&V - a® (52)

The following stabilization terms are introduced to maintain the coercivity of the bilinear form

2o):
oW = / o 0[u] - [u] dT'y + / g O[®] - [®] dT', (53)

where o, and oy are stabilization parameters. Optimal values of «,, and oy can be estimated from
an element-wise local eigenvalue analysis [35, 36,47, 169] as described in sub-section 3.4

3.2. Discretization and linearization

The discretization of @8)) and (33) provides the corresponding contributions of the Nitsche
extension to the equilibrium (3Q):

AL /F 3{;&5 ”)ﬁ} [u] dT,, — / {FN? 15} - a[[“]] dr,
- /F 8{M0§50‘ Ys} @] dr, — /F {(M°% a, vg) - @Hiﬂ dr, (54)
AR /F o %[[U]] [u] dTy, + /F o 8£$H . [®] dIy. (55)

where the derivative 9{FN? 13} /0(U, €) in (54) denotes

8{FN5 1/5} . 8{FN5 I/ﬁ} i 8{FN5 1/5}
ou,e) ouU 0€ '
14

(56)




The contributions of WY to the tangent stiffness matrix K are obtained by linearization of
equations (34) and (33) in the reference configuration:

ve _ [ OFN"vs} Ofu] O{FN? v} ol 1 |
Kt = - /F 0w oo MV [/F 0(U.é)  oU dPU]

P{FNF 13}
B /Fuﬁ(U,e) 8(UB é) [uldy

8{M045 Ay I/ﬁ} 8[[@]] 8{M°‘5 Ay 1/5} 8[[<I>]]
_ . dl, — dl“U
Iy ou ou ry ou ou
0?[®@] O*{ M a, vz}
_ aB . _ a 78S
ru{M a0 5} 5o A /F o0 [®] dT', (57)
I[u] 9[u] ole] o[®] | [ 2]
KN* = r : ®] | dT
T /FUO‘“ o0 au ¢ U+/FUO‘9 o0 oU T augu L21)dlu G
where
82{FNﬁ Vﬁ} . 82{FN5 Vﬁ} + 82{FN5 Vﬁ} + 82{FN5 Vﬁ} (59)
o(U,&)0(U,é)  0UOU oU D€ 0EOU
We note that in (37)), (38) and (39)), the following three terms
< P[u]
B
/F U{FN v} s a0 AT (60)
32[[11]]
(’92{FN5 vg}
T oeoe (62)

have been dropped due to the interpolation relations of the displacement field in (27) and the
assumed membrane strain field in (29).

Taking the derivatives of the force vector {FN” 143}, bending moment { M a,, 13} and ro-
tations [®] with respect to the displacement and assumed membrane strain variables results in
a number of terms, which demand a careful computer implementation. We present the detailed
derivation of the force vector derivatives in while for the derivatives of bending
moments and rotations, we refer the reader to our previous work in [22].

It is worth to note that in a linear theory, the contributions of WY to the tangent stiffness
matrix K can be simplified by evaluating (57)) and (38)) in the reference configuration as:

~ ~ T
Ve _ _/ H{FN’ v5} O[u] dar / H{FN" v5}  O[u] dr
T.L r, 0(UE§ oU " rn, oU,e ou "
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H{ M a, vy} O[®] H{ M a, vz} O[®] T
_ : I — . r
/FU ou ou 4 /F ouU ou 4o é:0(63)
U=0
Olu] 9[y] o[e] o[®]
KYs = 2 2 gr 2l 2 gr 4
T (/FO‘“ ou ou ¢ U+/FUO‘9 ou ou V)| (64

3.3. Integration of the Nitsche coupling terms along trimming curve

For the weak coupling between trimmed shell patches, the integration of the variational cou-
pling terms (54), (33)), (37) and (58] are performed segment-wise along the physical curve (see
Figure [6). We first compute the intersection points of the parametric curves in each surface patch
with all knot lines of Bézier elements. These intersection points are then mapped to the physical
curve with their corresponding parametric coordinates on the physical curve, computed simulta-
neously. Combining the new parametric coordinates and the original knot values of the physical
curve, they form the integration knot spans. We then place Gaussian quadrature points within each
knot span of the physical curve and map them back to the two parametric spaces of the two patches.
Through this procedure, the contributions of the Nitsche terms are evaluated accurately.

integration point

coupling curve < "

internal
knot

integration segment

Figure 6: Schematic representation of the segment-wise integration of the coupling terms.

3.4. Element-wise estimation of stabilization parameters

The use of stabilization terms, cf eq. (33)), ensures coercivity of the formulation. For trimmed
shell problems, the stabilization parameters «, and cy should be tailored for each pair of coupled
elements such that the element with the worst cut does not deteriorate the accuracy of the total
solution. We follow an approach reported in [35, 47] to estimate element-wise optimal parameters
based on a local eigenvalue problem. Using a general inverse estimate, it can be shown that
the stabilization parameters «, and ay depend on mesh-dependent positive constants C,, and Cy,
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respectively, defining upper bounds for the flux along the coupling interface in terms of the strain
energy of the coupled domains [70, [71]]:

I {FN" v} 7, < Cuomi” + W) (65)
| {7 avs} 7, < GOV + W) (66)
with || - || being the L?-norm of the quantity.

Making use of Young’s inequality, we can obtain a lower bound of the inner work enriched
with Nitsche terms, and the coercivity of the formulation can be ensured when the stabilization
parameters «,, > 2 C', and ay > 2 Cy [36,147]. In [70] it is shown that optimal values for the two
constants C,, and Cj are maximizers of the Rayleigh quotient of the inverse estimates (63) and
(66)), respectively, and hence can be found as the largest eigenvalues of the generalized eigenvalue
problem:

Au = )\Bu (67)

where matrix B is defined as the sum of the element stiffness matrices involved in the coupling:

2

B = > (Kp), (68)

e=1

with K according to (33)) and (36).
For the estimation of C, and (Y, the matrix A is defined, respectively, as:

. O{FN? v} O{FN" 5} P{FNS 15}
AL = 2/p< q09 U9 T aU.9IU.g

{FN? yﬁ}> dTy  (69)

Al 2/ M a,vg} O{M* a, vs}
. ou ou

2 af
4 0 {M Aq Vﬂ} . {Maﬁ a, Vﬁ}) dFU (70)

ou ou

where the derivatives of {FN” 15} are described in and the derivatives of {M*" a,, vz}
can be found in [22]. Again, the matrices A", A? and B can be further simplified for linear elastic
shell problems, cf [34].

4. Numerical Examples

In this section, we test the proposed method with a number of numerical examples to reveal the
reliability, accuracy and robustness. In particular, we consider aspects regarding the elimination of
membrane locking and a proper transfer of the elastic response among the patches according to the
specified interface conditions (37)-(@0). To this end, we start with two examples of linear elasticity
for a critical comparison of the result with previous test results of a pure single-field theory and to
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receive a first impression on the method’s performance with regard to locking, cf sub-section .11
We then consider the non-linear response behavior of our coupling formulation in terms of large
displacements and structural stability, cf sub-section 4.2l

Notation: In this section we repeatedly compare two models according to different theories which
we denote for brevity as follows: (i) a pure displacement-based Kirchhoff-Love shell model re-
ferred to as single-field model, (i1) a Hellinger-Reissner extendend Kirchhoff-Love shell model
referred to as mixed model.

4.1. Multi-patch analysis — linear elasticity

The first example considers a cylindrical shell strip to study the locking behavior in presence
of high aspect ratios [11]]. The example is a customary benchmark considering the influence of
the radius-to-thickness ratio on the shell deformation. The second example is taken from the
shell obstacle course considered in [66, [72] with a particular focus on the reliability of the stress
resultants for low polynomial orders which may lead to undesirable oscillations [73].

4.1.1. Cylindrical shell strip problem

The cylindrical shell strip depicted in Figure[7lis studied for different radius-to-thickness ratios
e.g. R/t = 5,10,102% 10% and 10*, to study the phenomenon of membrane locking, where ¢ de-
notes the shell thickness. The geometric description, material properties and boundary conditions
are shown in Figure [7(a). The shell strip is clamped at one end and subjected to a uniform line
load ¢, = 0.1 - ¢ at the other end.

L=1mm E =1000 N/mm?
R=10mm v=20.0
P;=(5,0.5,0) mm
P,=(5,0.5, 10) mm

clamped

(a) (b)

Figure 7: Cylindrical shell strip: (a) model description, (b) two-patch trimmed configuration and NURBS meshes.

We assembled the model using two overlapping circular arc shell patches with center angle
61 = 70° and 6, = 35°, respectively, cf. Figure [Z(b). The two patches were trimmed by a cutting
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Normal K-L, Nitsche, p =3

10 10° 10° 10*
slenderness

Figure 8: Cylindrical shell strip: displacements vs. slenderness.

plane and coupled at the common trimming edge. The cutting plane is defined by a vertical rota-
tional axis, with end points P, and P, and a rotation angle of 60° in the z — y plane. The shell
patches were discretized by 9 x 1 and 4 x 2 NURBS elements for patch 1 and patch 2, respectively.
A polynomial order of p = ¢ = 2 and p = ¢ = 3 were chosen for the analysis.

In Figure 8] the radial displacement of the free loading edge of the shell w.r.t. the slenderness

R/t is shown. A radial reference displacement of 0.942 which is independent of the slenderness
was derived according to the Euler-Bernoulli theory in [11]. We compare three different models:
(i) the mixed model using Nitsche-type coupling, (ii) the mixed model using a pure penalty-based
coupling, and (iii) a single-field model with Nitsche-type coupling.
A severe membrane locking was observed for the single field solution (iii) with p = ¢ = 2, even for
a moderate slenderness of R/t = 100. With increasing slenderness the displacements decreased
rapidly to an almost complete displacement locking at R/t = 10%. Order elevation to p = ¢ = 3
alleviated the locking phenomenon for low aspect ratios but again emerged for increasing slender-
ness. In contrast, the mixed models (i) and (ii) revealed their potential to remove locking by the
independent strain interpolation. In combination with the stabilized Nitsche-type coupling, model
(1), we observed a stable and accurate agreement with the reference solution irrespective of any
slenderness degrees. The penalty coupling behaves significantly weaker. Model (ii) showed a
strong dependency on the empirically chosen penalty parameter. Therefore, we analyzed the im-
pact of the penalty parameter on membrane locking, depicted in Figure 9. Three different penalty
factors were considered: 102, 10® and 10°. Surprisingly, larger penalty values deteriorated the
performance of the mixed shell element for higher slenderness values. This behavior contradicts
the basic principles of the penalty method and underlines its variational inconsistency.

We further studied the quality of the bending moments across the coupling interface of the
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Figure 9: Cylindrical shell strip: impact of the penalty parameter.
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Figure 10: Cylindrical shell strip with slenderness R/t = 103: comparisons of bending moments.

shell model, which involves the second order derivatives of the displacement field. In Figure 10
the bending moment m,, is plotted along the path A — A’ for both, the mixed and single-field
model, with a slenderness of R/t = 103. An exact solution can be derived from the equilibrium
of the shell strip which is also shown in Figure The mixed model is in excellent agreement
with the exact solution without any noteworthy jumps along the coupling interface. In contrast, the

distance along path 4-4"°
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single-field model shows evident deviations from the exact solution which confirms the existence
of membrane locking.

4.1.2. Scordelis-Lo roof

In this example, we consider the Scordelis-Lo roof subjected to a self-weight loading. The
geometric description and the material properties are shown in Figure [[1(a). The roof structure
has rigid diaphragms at the curved boundaries and is free at the straight edges. We modeled the
roof with two trimmed patches with a cutting plane as defined in Figure [[1Ib) with § = 12.25°.
The two coupled patches are identical, each representing a full geometric model of the Scordelis-
Lo roof and fading out the corresponding trimmed overlap. They were discretized with 17 x 14
and 18 x 13 NURBS elements, respectively.

patch 2

JA‘, _ie
cuttingrﬂ-""l_"".“ ;;";;;0/ o
p/ane*
[ l
| o | [
T T | [
11 [0/
U U i 1
patch 1
R =25.0 mm t=0.25 mm E=432¢+8 MPa p =7850.0 kg / m?
L =50.0 mm o =80° v=10.0 G=10.0m/s?
(a) (b)

Figure 11: Scordelis-Lo’s roof: (a) model description, (b) trimmed two-patch configuration and NURBS meshes.

In Figure [I12] we show convergence plots of the vertical displacement at point A versus the
number of control points. A reference value of v, = 0.3006 mm for the vertical displacement
at point A was taken from [1]. Three different models with polynomial degrees p = ¢ = 2 and
p = q = 3 were studied: (i) a mixed model with Nitsche-type coupling, (ii) a mixed model
with penalty-based coupling and (iii) a single-field model with Nitsche-type coupling. The results
shown in Figure [12] confirm the previous observations made for the cylindrical shell strip example.
The mixed formulation converged faster compared to the single-field shell model. Again, the
quadratic NURBS basis behaved significantly weaker in terms of convergence speed compared to
the cubic models. Besides, the mixed shell model with Nitsche-type coupling converged slightly
faster than its penalty counterpart with a penalty factor of 103.

In Figure 13| we show the convergence of a h-refinement in terms of the error in energy norm
versus the element sizes of the three models. The convergence plot for two different penalty
values, 102 and 103, which turned out to the most stable and accurate choices among a variety of
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Figure 12: Scordelis-Lo’s roof: convergence of the displacement.
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Figure 13: Scordelis-Lo roof: convergence of the strain energy.

tested values, were selected to disclose the sensitivity of the method with respect to the elastic
response. A reference strain energ was computed by extrapolating single-patch results of a
uniform p—refinement [74]. Both, the mixed and the single-field shell model virtually show the
same rate of convergence in energy norm. Moreover, the mixed model shows the expected impact
of mixed formulations on the accuracy level of the solution but keeps the rate of convergence
unaffected. Again, the shell models using the Nitsche-type coupling predict the elastic response

I = 4826.577066016016
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slightly better than the penalty-based models.

An interesting aspect with regard to the presented extensions of sections2land [3lis the solution
of the inner forces in terms of stress resultants. To this end, we investigated the quality of the
dominating stress resultants n;; of the coupled multi-patch models applying an in-plane cubic
order p = ¢ = 3. Subscript {11} denotes the curved edge direction of the roof.

In Figure[14the contour plots of ny; of the mixed and single-field Kirchhoff-Love shell models
are presented. The mixed Kirchhoff-Love model shows an excellent quality disclosing a smooth
distribution of the stress resultant at all levels including a perfect match of the flux of the two
patches along the common interface. In contrast, the single-field Kirchhoff-Love model is dom-
inated by a strong oscillatory distribution of 71; in the compression zone. The drop in quality
between the two models is easily quantified by the minimum and maximum values of n,; which
show a relative difference of 5.25% for the minimum value and a more than 6 times higher value
for the maximum value of the single-field solution.

(@) (b)

Figure 14: Stress resultants n1; of Scordelis-Lo roof: (a) mixed Kirchhoff-Love shell with Nitsche’s coupling method,
(b) single-field Kirchhoff-Love shell with Nitsche’s coupling method.

The stress resultant n,; along the coupling interface is plotted in Figure [[3 along the trimmed
coupling curve for the considered models. The plots confirm the quality jumps among the different
models. A slight jump in the plot of the mixed model was identified at two locations where very
small trimmed elements appeared, still providing an overall accurate, smooth and reliable result.

4.2. Multi-patch analysis — geometrically non-linear

In the following, we consider the performance of the proposed extension to geometrically non-
linear analyses. For this purpose, we selected the deformation analysis of a slit annular plate
[@] and a stability analysis of a snap-through behavior of a crossing tubes model [@]. The first
example is a classical benchmark problem in the framework of geometric non-linear analyses
with interesting implications with regard to a stable load step size. The second example is taken
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Figure 15: Scordelis-Lo roof: plots of stress resultants n;; along trimmed coupling curve.
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Figure 16: Slit annular plate: (a) model description, (b) two-patch trimmed configuration and NURBS meshes.

from a previously published paper [38] of the authors which represents a model with relevance in
engineering.

4.2.1. Slit annular plate problem

We consider a slit annular plate under uniform line pressure loading on one end and fixed
boundary conditions [76, [77] at the other end. The geometry and material properties of the plate
are depicted in Figure [[6(a). We assembled a multi-patch model from two trimmed patches with
circular angles 150° and 240°, respectively. The two patches are discretized with 23 x 6 and 37 x 7
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cubic NURBS elements, and connected along a vertical trimming line at x = —5.1mm, cf. Figure
[[6lb). We used the geometrically non-linear Nitsche-type coupling for both, the mixed and the
single-field model. The values of the stabilization parameters ., and ay were determined from
the solution of a local eigenvalue analysis at the beginning of the first load step and kept constant
during the entire loading process. Comparing the element-wise computed eigenvalues of the first
and last load step, we found that on average, the values changed by approximately 2% for oy and
by approximately 0.1% for «,,, which justifies our strategy.

It is important to note that reference solutions based on a pure single-field theory, in general,
either fail for larger step sizes or require an excessive number of iterations to regain control over
equilibrium path. A common strategy applied in literature is to adjust the step size during the
computation, starting with smaller load increments in the first steps. In Table[Il first result column
(case 1), we show the maximum step size for the first load step which ensures convergence and
the corresponding total number of equilibrium iterations for the mixed and single-field model. In
comparison with the single-field model, the model of the mixed formulation exhibits a superior
convergence behavior in various aspects: (i) the step size of the first load step of the mixed model
could be chosen almost 10 times larger (A = 0.94/0.95) than for the single-field model (maxA =
0.1), still providing a stable analysis. The single-field model failed to converge for load step sizes
larger than A = 0.1. (ii) In total, only two load steps were necessary using the mixed model to
trace the entire equilibrium path, while the single-field model used 20 steps with a load step size
of 0.05 to ensure a balanced number of equilibrium iterations. (iii) The total number of Newton
iterations for the mixed shell model reached a minimum of 15 cycles, while the single-field model
required around 140 iteration to ensure equilibrium.

Table 1: Slit annular plate: comparisons of load steps and total number of iterations.

max. first load total No. iterations total No. iterations
model )
step size \; case 1 case 2
. . 17+ 3 8+7
mixed single patch 0.95 (A =095, Ay = 0.05) (A, =0.75, \y = 0.25)
. ) 12+3 8+7
mixed multi-patch 0.94 (A1 =0.94, Ay =0.06) (A =0.75, Ay = 0.25)
) ) 142
single-field single patch 0.05 (A= 0.05, 20 load steps)
) . 140
single-field multi-patch 0.05 (A= 0.05, 20 load steps)
346
ABAQUS [75] ] (67 load steps)

In the second result column of Table [Tl we show the influences of different loading sequences
on the total number of iterations for the mixed shell models. Compared to result column 1 (case
1) where we tested the stability of the analysis for the maximum first step size, the application of
a more balanced step size (case 2) resulted in a better balanced and finally decreased number of
equilibrium iterations. In comparison with the established standard in shell analysis, represented
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by an ABAQUS solution [@] obtained with 80 x 10 S4R shell elements, the total number of
load steps and required equilibrium iterations dropped significantly by more than one order of
magnitude, cf. Table[Il

In Figure [[7(a), we show a comparison of the load-displacement curves between the multi-
patch mixed shell model and a reference solution taken from [@]. A two step loading process
with A\; = 0.75 and A\, = 0.25 was sufficient to arrive at the final solution of the equilibrium path
with excellent agreement among the two solutions. In Figure [I7(b) the displacement contour plot
of the multi-patch mixed shell model at the final loading step is depicted.

- e Mixed, Multi-patch, Point A '
| —— Reference, Point A
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Figure 17: Slit annular plate (order of the basis p = g = 3): (a) comparisons of load displacements, (b) final deformed
shapes of mixed multi-patch shell models.

The solution quality for the coupling interface is shown in the plots of the stress resultants and
bending moments along the trimming line depicted in Figure[I8l A reference solution was obtained
from a single patch mixed shell model with a discretization of 59x8 cubic NURBS elements. Good
agreements between the multi-patch and single patch mixed models were found for both stress
resultants and bending moments. The stress resultant of the single-field model agrees quite well
with the reference solutions, though the bending moment slightly oscillates around the reference
solutions which indicates the inaccuracy of the second order derivatives of the displacement field.
The contour plots of the stress resultant component n,, and bending moment component m,, of the
multi-patch mixed model are presented in Figure[I9revealing a completely smooth and continuous
transition across the trimming interface. For the sake of convenience in the illustration of the
contour plots, we transformed the above quantities from the local to the global Cartesian basis.

26



w0l — Mixed K-L, Single patch 50N — Mixed K-L, Single patch
------ Mixed K-L, Multi-patch i == Mixed K-L, Multi-patch
W - .
@ ---- Normal K-L, Multi-patch E al ---- Normal K-L, Multi-patch
= i
=300t %
Z 5
” £3r
n = b
L 200f st 17w 3 W =
@ <2
100+ I
Ir
02 0.4 0.6 0.8 1.0 02 04 06 08 10
¥, normalized distance ¥, normalized distance
(a) (b)

Figure 18: Slit annular plate (order of the basis p = ¢ = 3): (a) comparisons of stress resultants along trimming line,
(b) comparisons of bending moments along trimming line.
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Figure 19: Contour plots of the slit annular plate modeled with multi-patch mixed Kirchhoff-Love shell elements
(order of the basis p = g = 3): (a) stress resultants n,, (b) bending moments m,.

4.2.2. Snap-through of crossing tubes

Finally, we demonstrate the performance of the proposed Nitsche-type coupling with a more
complex example from engineering which exhibits a snap-through buckling behavior. To this
end, we have selected a CAD-derived multi-patch NURBS model which was designed with the
freeform modeler Rhino3D[|ﬁ]. In GUO ET AL. [Iﬁ], we have demonstrated the complete work-
flow for the design and derivation of an analysis suited model based on native CAD data including
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Figure 20: Multi-patch crossing tubes model: (a) geometry, boundary conditions and material properties, (b) multi-
patch model, (c) detailed geometry of the connection.

trimming and coupling. Due to the structural symmetry, only one half of the model was consid-
ered, cf. Figure The connection of the two perpendicular tubes was designed with a NURBS
curve, swept along the interfaces, cf. Figure 20(c). Patch 1 was discretized with 62 x 40 elements,
patch 2 with 38 x 28 elements and patch 3 with 24 x 16 elements. The polynomial degree was
selected to be p = ¢ = 2 and p = g = 3. The intersecting tube was subjected to a uniform pressure
at the top of the vertical tube. The total structure was clamped at the two ends of the horizontal
tube. We used an arc-length path-following method to trace the complete equilibrium path of the
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snap-through phenomenon [79-81].

=

é ] L O~ = C/AO

é L

o]

[a+]

‘2 -

= 4

2 | —— ABAQUS, S4R

g | o0 IGA, Mixed K-L, p =3
2 i IGA, Mixed K-L, p =2

IGA, Normal K-L, p=2

05 10 15 20 25 30 35
displacement (mm)

Figure 21: Multi-patch crossing tubes: comparisons of load-displacement curves.

Figure 211 depicts the load-displacement responses for both, the IGA solution and a FEM ref-
erence solution (ABAQUS) [82], obtained from a discretization with 39280 S4R elements and
measured at the top rim of the vertical tube. The presented displacements were chosen as the
average of the control point displacements for the IGA model and the average of FE node dis-
placements (ABAQUS) on the loading edge, respectively. An overall good agreement between the
ABAQUS and IGA solution was observed. It is worth to mention that, during the post-buckling
state, the ABAQUS reference solution which is based on a four node reduced integration Reissner-
Mindlin shell element, failed at a maximum displacement of u, = 2.463 mm, cf. blue curve in
Figure 21l In contrast, both isogeometric models easily surpassed the limit points and reached a
much larger post-buckling deformations than ABAQUS solutions.

In Figure 22] we compare the contour plots of the stress resultant component n, between the
mixed and single-field model. Both models are in the pre-buckling state with an externally applied
load of 8796.5N. As observed in the first example, membrane locking leads to severe oscillations
in the stress resultant n, of the single-field model, cf. Figure P2[b), whereas the mixed model
shows a smooth distribution of n all over, cf. Figure 22|(a).

The deformed structure in the snap-through state is shown in Figure It’s worth to note that
the inherent continuity and smoothness properties of NURBS patches were fully preserved along
the non-conforming and trimmed coupling interfaces.

29



n,
247

0

- -400
-800

--1200

"-1.55e+3

(a) (b)

Figure 22: Comparisons of stress resultant component n, of the crossing tubes model with p = ¢ = 2 and external
load 8796.5N: (a) isogeometric mixed Kirchhoff-Love shell model, (b) isogeometric single-field Kirchhoff-Love
shell model.
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Figure 23: The post-buckling results of the multi-patch crossing tubes model (p = ¢ = 3): (a) displacement field, (b)
stress resultant, (c) bending moment.

5. Summary and conclusions

Despite a number of significant advancements in isogeometric thin-shell analysis, the issue of
membrane locking in the context of non-linear multi-patch analyses remains an open problem in
many aspects. Trimmed geometries, non-conforming patches, overlapping domains and the ele-
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mental need for a continuity preserving coupling mechanism accross coupling interfaces are some
of the most essential challenges to cope with. In this contribution, we addressed the aforemen-
tioned issues and proposed feasible solutions in order to provide a reliable and accurate analysis
approach for models with relevance in the engineering routine. To this end, we have extended our
isogeometric analysis framework by the following advancements: in a first step, we extended the
Hellinger-Reissner thin-shell formulation of [11] from a pure linear theory to a non-linear theory
considering large displacements. The theory is based on the assumptions of Kirchhoff-Love for
thin shells comprising an independent strain interpolation to counteract membrane locking. In a
second step, we equipped our implementation with the capability to handle properly trimmed do-
mains in CAD-derived analysis models utilizing the principles of the finite cell method based on
the recursive bi-section approach introduced in earlier publications. Herein, we have revisited the
accuracy issue of our approach in order to judge on the overall solution quality of our method. A
simple test example has confirmed a linear dependency of the integration accuracy on the computa-
tional effort spent for increasing refinement levels. The solution quality of the presented examples
herein and experience values from previous works reinforce the potential of this algorithmic sim-
ple yet fail-safe and efficient approach to overcome the challenge of trimming.

Finally, we have derived a variationally consistent coupling formulation which ensures a discretiza-
tion independent, continuity preserving and robust bond among different domains and trimmed
patches. The presented coupling extension is new and unique in the context of a mixed thin-shell
theory for geometric non-linear multi-patch analysis. Following the fundamental maxim of varia-
tional principles our coupling approach satisfies the necessary interface conditions in a weak sense
and ensures a continuity preserving flux among the coupled domains. A critical comparison with
the established penalty approach substantiated the superiority of our method with regard to sev-
eral robustness aspects which we illustrated with problems of linear and non-linear elasticity. The
penalty approach revealed severe shortcomings in terms of reliability and a strong dependency on
the user-selected penalty value which is in conflict with the principle idea of this variationally in-
consistent approach. In contrast, our Nitsche-like coupling approach applies a built-in stabilization
which is self-adjusting to ensure optimal convergence properties. We tested our developments and
extensions with a number of benchmark problems to reveal the performance properties. With a
thin cylindrical shell strip, we studied the vulnerability to membrane locking for high slenderness
degrees. A mixed shell penalty-based coupling and a pure single-field shell model showed some
weakness or even a complete failure for increasing slenderness degrees. In contrast, the mixed
shell Nitsche-type coupling convinced at all slenderness degrees without compromise. Similar re-
sults were observed for the Scordelis-Lo shell problem already for a quadratic approximation order.
Severe oscillations in the shell’s pressure zone were observed for the single field model indicat-
ing membrane locking, whereas the mixed formulation completely removed any disturbance of
the elastic response showing completely smooth membrane forces with an excellent load transfer
across the coupling interface between non-conforming patch discretizations. Again, the penalty-
based coupling showed a similar unsteady load transfer along the coupling interface as the oscillat-
ing single-field solution does. A uniform h-refinement revealed for both models, single-field and
mixed shell model, a convergence rate according to the approximation order.

In the context of large displacement analysis, we used a slit annular ring model to demonstrate
the potential of the Nitsche-type mixed model with regard to the numerical stability of the method.
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In comparison with a coupled single-field model, the load step size was increased by almost a
factor 10 and the corresponding number of iterations needed to regain equilibrium was reduced
by almost one order of magnitude. Hence, the proposed method shows a game-changing positive
impact on the computational effort of the solution scheme. Moreover, it demonstrates the potential
to outperform easily commercial finite element-based software on the basis of computational com-
plexity and solution quality. Higher order continuity and a smooth solution field were retained for
the mixed model all over including stress resultants and bending moments. Lastly, we considered
a multi-patch model of crossing tubes to demonstrate the fitness of the proposed method for the
engineering routine. The loaded tube design is prone to buckling and undergoes a distinct snap-
through response. The complete equilibrium path was traced reliably within 10 load steps which is
a fraction of the computational complexity required by a standard FEM analysis and which failed
to converge in the post-buckling state. The single-field solution again suffered from oscillating
membrane locking effects which were completely absent for the mixed shell, Nitsche-type cou-
pled, Kirchhoff-Love model. The high robustness and improved performance properties of the
method are clearly visible from this example which unifies all the critical issues of a CAD-derived
analysis design which we addressed in this contribution. Moreover, a superior analysis result was
demonstrated in all respects of linear and non-linear analysis.
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Appendix A. Derivatives of the force vectors

In this appendix, we take the derivatives of the boundary forces with respect to the displace-
ment and assumed membrane strain variables at an individual control point B,., instead of the total
displacement U and membrane strain €, since this will simplify many derivative expressions. To
be more specific, we introduce the symbol U, and €, to represent the set of unknown displacement
and membrane strain coefficients at the control point B,.. We note that, the membrane strain vari-
ables are interpolated with lower order bases, therefore, the set of control points for the membrane
strain field is different from that of the displacement field. For simplicity, we just use the same in-
dex for the two independent fields. We introduce a second control point index s when considering
second order derivatives.

In egs. (36) and (39), the first and second derivatives of the force vector w.r.t. the displacement
and membrane strain variables reads:

O{FNP 15} - .
MT,&S = {FNB vatu, + {FN” Vs}e,
= {FuN’us} + {FN v} + {FN7 5} (A.1)
92 [FNP 15}

{FN? g} v,u, + {FN? g} u,e. + {FN? 13} ¢ v,
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= {F,UrUsNﬁ vg} + {F,UTN,BUS v} + {F,USN,BUT vg}
+ {FN,BUTUS vg} + {F,UTN,ﬁeS vg} + {FN,BUTES g}
+ {Fu.N% v} + {FN% ¢ v} (A.2)

where the following additional relations hold:

Fu =a.u, ®A% +dy, @D (A3)
Fy,u, =dyu.®D (A.4)
Ny, = Q% Ay +Qy D (A.5)
NYv. = QY.v,Aa + Q0D (A.6)
N%. =QYA.+QLD (A7)
Ny.e, = Qu,e.D (A8)

Following ([42), the first and second derivatives of Q°’ reads:

QU = Wy, MY -0y My (A.9)
QY = NY (A.10)
Qbu., = Wou, MY —Wu, My, — Wy, MG, —05 My g, (Al

where the derivatives of the mixed components of the surface’s second fundamental form are
defined as:

fu, = af (ag-d)+a (aysu, -dtans-du,) (A.12)
Buw, = aG.u, (@ d)+af (asu, -d+ays-du,)

+ af{i (aypu, -d+axs-asu,)

+ a®® (aypu, -du, +arsu, - du, +ars - du,u.) (A.13)

where the derivatives a7 U and a7 U u. can be derived from the relations a*” ag, = 405 as:

aB — ay 6

ay, = —a"ayu,a (A.14)
aff o v ) oY, ) o ) v

aguy, = @ Pawu, a”aysu, a B q (5 U, U, O By 5,0, A AU, A (A.15)

Following (@3)), the first and second derivatives of Qﬁ reads:

Qﬁ . = (Maﬁ‘a),ur +a” (2&nlu — Enuly) M,)I\l;r + a,ﬁl}/r (2&nlu — Enuly) MM (A.16)

QL = (2l — b)) MY (A17)
33



- - A - -
QvﬁUrés = a” (2 (5'y>\|u),gs - (5>\u‘7),gs> Mﬁi + aﬁ}r (2 (5'y>\|u)7gs - (5>\u|7>7gs> MM

(A.18)
QB Us = (Ma6|a)7UrUs + a” (2 éw\|u - §Au|v) M%LTUS + aﬁ}s (2 éw\|u - §Au|v) Mﬁi
+ 0, (28l = Enly) MY+ a0, (28], — Ely) M (A.19)
where the terms (M*|,,) o (Me?],) u,u, ad (€31],) o, can be derived as:
(MP)s) o, = M3y, +T%, MY +T7, Mg (A.20)
(M%) yu, = MEvu, + 5 My, + T3, MG, (A.21)
(Exalu) g, = Svre — IS Cane — Iy Exace (A.22)

where the derivatives M5, , MY, i, M (fUr and M (fUrUs can be derived from the constitutive
relationship and the definition of bending strains (22).

The derivatives of the membrane strain £, and stress resultants N8 in and are

derived directly using the interpolation function (29) and the constitutive relationship (33). More
details on relevant derivatives of the formulation can be found in [22].
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